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We study the triviality and hierarchy problem of a Z2-invariant Yukawa system with massless
fermions and a real scalar field, serving as a toy model for the standard-model Higgs sector. Using
the functional RG, we look for UV stable fixed points which could render the system asymptotically
safe. Whether a balancing of fermionic and bosonic contributions in the RG flow induces such a
fixed point depends on the algebraic structure and the degrees of freedom of the system. Within
the region of parameter space which can be controlled by a nonperturbative next-to-leading order
derivative expansion of the effective action, we find no non-Gaußian fixed point in the case of one
or more fermion flavors. The fermion-boson balancing can still be demonstrated within a model
system with a small fractional flavor number in the symmetry-broken regime. The UV behavior of
this small-Nf system is controlled by a conformal Higgs expectation value. The system has only two
physical parameters, implying that the Higgs mass can be predicted. It also naturally explains the
heavy mass of the top quark, since there are no RG trajectories connecting the UV fixed point with
light top masses.
I. INTRODUCTION AND SUMMARY
A. Triviality and Hierarchy in the standard model
The standard model of particle physics is a successful
theory that has passed a number of high-precision tests.
One crucial building block is the Higgs sector which ren-
ders the perturbative expansion of correlation functions
well defined and parameterizes the masses of matter fields
and weak gauge bosons. So far, the Higgs sector has been
indirectly tested by the precision data but will be directly
explored at the LHC. Beyond this success, two problems
of the standard model have been particularly inspiring
to design new ideas for a larger fundamental framework:
the hierarchy problem and the triviality problem.
Whereas the hierarchy problem is not a fundamental
problem in the sense of rendering the standard model
ill-defined, the triviality problem truly inhibits an exten-
sion of the standard model to arbitrarily high momentum
scales. Loosely speaking, the scale of maximum ultra-
violet (UV) extension ΛUV,max induced by triviality is
related to the Landau pole of perturbation theory. The
standard model has triviality problems in both the Higgs
sector [1, 2, 3, 4, 5, 6] as well as the U(1) gauge sector
[7, 8, 9, 10]. But since ΛUV, max of the Higgs sector is
much smaller than that of the U(1) sector [10], evading
triviality in the Higgs sector is of primary importance. In
fact for heavy Higgs boson masses, the scale of maximum
UV extension ΛUV,max could be much smaller than the
Planck or GUT scale [11, 12, 13, 14, 15]. For supersym-
metrically extended models, ΛUV,max can even be smaller
than in the standard model [16].
Traces of the triviality problem can already be found
in perturbation theory. The relation between bare and
renormalized four-Higgs-boson coupling λφ4 in one-loop
RG-improved perturbation theory is given by
1
λR
− 1
λΛ
= β0 Log
(
Λ
mR
)
, β0 = const. > 0, (1)
where λΛ is the bare and λR the renormalized coupling;
Λ is the UV cutoff scale and mR denotes a renormal-
ized mass scale. The first β function coefficient β0 is
generically positive for φ4 theories. Keeping λR and
mR fixed, say as measured in an experiment at an in-
frared (IR) scale, an increase of the UV cutoff Λ has
to be compensated by an increase of the bare coupling
λΛ. But λΛ eventually hits infinity at a finite UV scale
ΛL = mR exp[1/(β0λR)]. This Landau pole provides for
a first estimate of the scale of maximum UV extension
ΛL ≃ ΛUV,max.
Of course, perturbation theory is useless for a reliable
estimate of ΛUV,max, since it is an expansion about zero
coupling. Near the Landau pole, nonperturbative physics
can set in and severely modify the picture. In fact, the
QED Landau pole has been shown to be outside the phys-
ical parameter space, since it is screened by the non-
perturbative phenomenon of chiral symmetry breaking
[9, 10]. (Still, there remains a finite scale of maximum
UV extension ΛUV,max < ∞.) A study of the triviality
problem therefore mandatorily requires a nonperturba-
tive tool.
The hierarchy problem of the standard model is a fine-
tuning problem of initial conditions and arises also from
the properties of the Higgs sector. For generic values
of the initial squared bare Higgs mass scale m2Λ ∼ Λ2
at UV cutoff Λ, the system is either in the symmetric
phase exhibiting no electroweak symmetry breaking, or
it is in the broken phase with gauge, Higgs-boson and
fermion masses of order Λ. Both phases are separated by
a quantum phase transition at a critical value m2Λ,cr. A
large hierarchy, i.e., a large separation of particle masses
from the cutoff scale, requires an extremely fine-tuned
value of m2Λ close to the critical value. For instance,
2separating the scale of electroweak symmetry breaking
ΛEW from the UV scale, e.g., given by a GUT scale ΛGUT,
requires to fine-tune m2Λ to mΛ,cr within a precision of
Λ2EW/Λ
2
GUT ∼ 10−28.
This problem of “unnatural” initial conditions stems
from the fact that the mass parameter in the Higgs sector
renormalizes quadratically ∼ Λ2. In a renormalization
group (RG) language, the critical value m2Λ,cr denotes a
strongly IR repulsive fixed point with critical exponent
Θ = 2. Again, these statements hold in the vicinity of the
Gaußian fixed point, where all couplings are small and
perturbation theory holds. We stress that there is noth-
ing conceptually wrong with fine-tuned initial conditions,
but it is generally considered as unsatisfactory. A solu-
tion of the hierarchy problem should either explain the
fine-tuned initial conditions within an underlying theory
or correspond to a UV extension of the standard model
which has no critical exponents significantly larger than
zero, implying a slow, say logarithmic, running of the
parameters.
B. Asymptotically Safe Scenarios
This work is devoted to an investigation of a simple
Yukawa model, serving as a toy-model for the Higgs sec-
tor of the standard model. Using the functional RG as a
nonperturbative approach, we systematically search for
the existence of non-Gaußian interacting fixed points of
the RG flow which could facilitate an extension of the
model to arbitrarily high momentum scales. If such a
system sits on a trajectory that hits the fixed point in the
UV, the UV cutoff can safely be taken to infinity, Λ→∞,
and the theory is asymptotically safe in Weinberg’s sense
[17], see [18] for a recent review. Such fixed points would
not only solve the triviality problem by construction, but
could have small critical exponents as required for a so-
lution of the hierarchy problem.
A paradigm example for an asymptotically safe theory
are four-fermion models such as the Gross-Neveu model
in 2 < D < 4 dimensions [19]. Even though these mod-
els are perturbatively not renormalizable and thus seem-
ingly trivial, they are nonperturbatively renormalizable
at a non-Gaußian fixed point and hence can be extended
to arbitrarily high scales. A similar result has been found
for nonlinear sigma models in d > 2 [20]. Recently,
even the program of quantizing gravity with the aid of
a non-Gaußian fixed point within an asymptotic-safety
scenario has become exceedingly successful [21]; this also
includes certain models with a nontrivial scalar sector
[22]. Asymptotically safe scenarios have also been suc-
cessfully developed for extra-dimensional gauge theories
[23]. Furthermore standard-model alternatives without
a fundamental Higgs field have been based on asymptot-
ically safe fermionic scenarios [24], which, however, are
generically plagued by a strong hierarchy problem; see
also [25] for an asymptotically free fermionic model where
nonlocal interactions lead to an improved hierarchy.
In the context of the Higgs sector of the standard
model, an asymptotically safe scenario can have further
advantages in addition to solving the fundamental prob-
lems of triviality and hierarchy. Contrary to many other
ideas for addressing these problems, our approach does
not introduce new degrees of freedom or further symm-
metries and thus no new parameters. Indeed, asymptotic
safety can lead to a reduction of parameters and hence
have more predictive power, since the number of physical
parameters to be determined by experiment depends on
the properties of the non-Gaußian fixed point, i.e., on the
dynamics of the theory. The price to be paid is that we
have to give up on the requirement of perturbativity [11],
stating that the standard model should never leave the
Gaußian fixed-point regime, being the domain of validity
of perturbative theory. There might indeed be no fun-
damental reason for this requirement except for saving
human beings from having to deal with nonperturbative
problems.
A crucial question for all nonperturbative techniques is
the systematic consistency and reliability of the results.
In this work, we compute the RG flow of the model in a
systematic derivative expansion of the effective action.
This expansion is controlled if the momentum depen-
dence of full effective vertices takes only little influence
on the flow. A direct means for measuring this influence
is the size of the anomalous dimensions η of the fields,
since next-to-leading order contributions couple to the
leading-order derivative expansion only via terms ∼ η.
Monitoring the size of η thus gives us a direct estimate
of the reliability of our results.
C. Asymptotic Safety of Yukawa Systems
Our results can be summarized in a simple picture: the
RG flow of the Yukawa model can be in the symmetric
(SYM) regime or in the regime of spontaneous symmetry
breaking (SSB) where the bosonic field expectation value
v is nonzero, v > 0. Whereas we do not find interacting
fixed points in the SYM regime, the structure of the flow
becomes richer in the SSB regime, since new interactions
can be mediated by the condensate. However, the flow in
the SSB regime is typically characterized by a freeze-out
of all couplings. This is because all particles coupling
to the vacuum expectation value (vev) acquire a mass
and decouple from the flow. Our central idea is that
the contributions with opposite sign from bosonic and
fermionic fluctuations to the vev can be balanced such
that the vev exhibits a conformal behavior, v ∼ k. Here,
k is the scale at which we consider the couplings of the
system. The dimensionless squared vev κ = 12v
2/k2 has
a flow equation of the form
∂tκ ≡ ∂t v
2
2k2
= −2κ+ interaction terms, ∂t = k d
dk
.
(2)
If the interaction terms are absent, the Gaußian fixed
point κ = 0 is the only conformal point, correspond-
3ing to a free massless theory. If the interaction terms
are nonzero, e.g., if the couplings approach interacting
fixed points by themselves, the sign of these terms de-
cides about a possible conformal behavior. A positive
contribution from the interaction terms gives rise to a
fixed point at κ > 0 which can control the conformal
running over many scales. If they are negative, no con-
formal vev is possible. Since fermions and bosons con-
tribute with opposite signs to the interaction terms, the
existence of a fixed point κ∗ > 0 crucially depends on the
relative strength between bosonic and fermionic fluctua-
tions. More specifically, the bosons have to win out over
the fermions.
∂tκ
κ
κ
∗
bosonic fluctuations
domintate
fermionic fluctuations
domintate
FIG. 1: Sketch of the flow of the dimensionless squared Higgs
vacuum expectation value κ. Solid line: free massless the-
ory, ∂tκ = −2κ, with a trivial Gaußian fixed point at κ = 0.
Dotted line: fermions dominate, inhibiting an acceptable non-
Gaußian fixed point for positive κ. Dashed line: bosonic fluc-
tuations dominate, inducing a non-Gaußian fixed point κ∗ > 0
with conformal behavior of the Higgs expectation value. In
the present set of Yukawa systems, this behavior occurs at
small Nf, Nf . 0.3. Dot-dashed line: interaction-induced re-
duction of the slope at the fixed point (critical exponent),
implying an improvement of the hierarchy behavior.
In Fig. 1, we sketch various options for the flow of the
dimensionless squared vev κ. The solid line depicts the
free massless theory with a trivial Gaußian fixed point at
κ = 0 . If the fermions dominate, the interaction terms
are negative and the fixed point is shifted to negative val-
ues (being irrelevant for physics), cf. dotted line. If the
bosonic fluctuations dominate, the κ flow develops a non-
Gaußian fixed point at positive values κ∗ > 0 that can
support a conformal behavior over many orders of mag-
nitude, cf. dashed line. This fixed point is UV attractive,
implying that the vev is a relevant operator near the fixed
point. If the interaction terms are approximately κ in-
dependent, the slope of ∂tκ near the fixed point is still
close to −2, corresponding to a critical exponent Θ ≃ 2
and a persistent hierarchy problem. An improvement of
“naturalness” could arise from a suitable κ dependence
of the interaction terms that results in a flattening of the
κ flow near the fixed point, cf. dot-dashed line. Whether
or not this happens is a result of and can be computed
within the theory.
For the simple Yukawa systems considered here, we
find fermionic dominance for one or more fermion flavors,
excluding an asymptotic safety scenario of this kind. In
fact, a careful analysis of the model in the SYM regime
as well as the SSB regime reveals that no non-Gaußian
fixed point exists in the accessible parameter range nei-
ther for strong coupling nor induced by balanced thresh-
old behavior. Nevertheless, this fermion dominance is
not an unavoidable property of the system, but a result
of the algebraic details of the model. This is illustrated
by treating the flavor number Nf as a continuous vari-
able. We observe boson dominance for Nf . 0.3, imply-
ing the existence of a suitable non-Gaußian fixed point
and a non-trivial interacting fundamental theory valid
on all scales. We also find a dependence of the largest
critical exponent on the flavor number, supporting also
reductions from the value Θ = 2. However, a significant
hierarchy always remains in the simple models considered
here.
Two features render our mechanism particularly at-
tractive: first, the UV fixed-point properties are such
that the system has one parameter less than expected;
in other words, once the top mass and the Higgs vev
are fixed, the Higgs mass is a true prediction of the the-
ory. Second, the set of all possible flows that start from
the UV fixed-point lead to a constrained set of physical
low-energy values; most importantly, the top mass does
generically not become much lighter than the vev, offer-
ing a natural explanation for the large mass of the top.
This paper is organized as follows: In Sect. II,
we briefly recall the functional RG, review Weinberg’s
asymptotic-safety scenario, and present the model and
our nonperturbative approximation techniques. In Sect.
III, we analyse the model in the symmetric regime,
whereas Sect. IV is devoted to a study of the regime of
spontaneously broken symmetry for integer flavor num-
ber Nf = 1. The possibility of an alternative asymptoti-
cally free scenario based on Halpern-Huang scalar poten-
tials is briefly investigated in Sect. V. The asymptot-
ically safe scenarios at small flavor number Nf are pre-
sented in Sect. VI, and their predictive power is illus-
trated in Sect. VII. Conclusions are presented in Sect.
VIII.
II. RENORMALIZATION FLOW OF SIMPLE
YUKAWA SYSTEMS
A. Flow equation and Asymptotic safety
The search for asymptotically safe field theories adds
an interesting twist to the realm of quantum field theo-
retic problems. Standard problems start from a micro-
scopic bare action that has to be quantized in order to
construct quantum correlation functions. In the present
case, we do not even know the microscopic action to be
quantized, but we try to construct it by searching for a
non-Gaußian fixed point action in the space of all possible
4action functionals, i.e., in theory space. In other words,
we wish to quantize a generic action of a system which is
specified by its degrees of freedom and its symmetries.
This is indeed possible with the aid of the functional
RG which provides a vector field β in theory space in
terms of RG β-functions for all possible generalized cou-
plings (β)i = βgi(g1, g2, . . . ) ≡ ∂tgi. The functional RG
can conveniently be formulated in terms of a flow equa-
tion for the effective average action Γk, the Wetterich
equation [26]:
∂tΓk[Φ] =
1
2
STr{[Γ(2)k [Φ] +Rk]−1(∂tRk)}, ∂t = k
d
dk
.
(3)
Here, Γ
(2)
k is the second functional derivative with re-
spect to the field Φ (the latter representing a collective
field variable for all bosonic or fermionic degrees of free-
dom), and Rk denotes a momentum-dependent regulator
function that suppresses IR modes below a momentum
scale k. The solution to the Wetterich equation provides
for an RG trajectory in theory space, interpolating be-
tween the bare action SΛ to be quantized Γk→Λ → SΛ
and the full quantum effective action Γ = Γk→0, being
the generating functional of 1PI correlation functions; for
reviews, see [27].
A quantum field theory can be considered as funda-
mental, if its RG trajectory can be extended over all
scales which requires that the UV cutoff Λ can be sent
to infinity. This is, for instance, possible if the trajectory
approaches a fixed point in theory space. Let us assume
that the effective average action Γk can be parameterized
by a possibly infinite set of generalized dimensionless cou-
plings gi. Then, the Wetterich equation provides us with
the flow of these couplings ∂tgi = βgi(g1, g2, . . . ). A fixed
point g∗i is defined by
βi(g
∗
1 , g
∗
2 , ...) = 0 ∀ i . (4)
The fixed point is non-Gaußian, if at least one fixed-point
coupling is nonzero g∗j 6= 0. If the RG trajectory flows
into a fixed point in the UV, the UV cutoff can safely be
taken to infinity and the system approaches a conformally
invariant state for k →∞.
In addition to being fundamental, we also want the
theory to be predictive. For this, we consider the fixed-
point regime, where the flow can be linearized,
∂tgi = Bi
j(g∗j − gj) + . . . , Bij =
∂βgi
∂gj
∣∣∣
g=g∗
. (5)
Diagonalizing the stability matrix Bi
j ,
Bi
j V Ij = −ΘIV Ii , (6)
in terms of right-eigenvectors V Ii which are enumerated
by the index I, the resulting critical exponents ΘI allow
for a classification of physical parameters. The solution
of the coupling flow in the fixed-point regime is given by
gi = g
∗
i +
∑
I
CI V Ii
(
k0
k
)ΘI
, (7)
where the integration parameters CI =const. define the
initial conditions at a reference scale k0. Whereas all
eigendirections with ΘI < 0 die out towards the IR and
thus are irrelevant, all relevant directions with ΘI > 0
increase towards the IR and thus determine the macro-
scopic physics (for the marginal directions ΘI = 0, it de-
pends on the higher-order terms in the expansion about
the fixed point). Hence the number of relevant and
marginally-relevant directions determines the number of
physical parameters to be fixed. The theory is predictive
if this number is finite.
If a critical exponent is much larger than zero, say of
O(1), the RG trajectory rapidly leaves the fixed-point
regime towards the IR. Therefore, separating a typical
UV scale where the system is close to the fixed point
from the IR scales where, e.g., physical masses are gener-
ated requires a significant fine-tuning of the initial con-
ditions. In the context of the standard model, the size of
the largest ΘI is a quantitative measure of the hierarchy
problem.
For the flow towards the IR, the linearized fixed-point
flow Eq. (5) generally is insufficient and the full nonlin-
ear β functions have to be taken into account. Even the
parameterization of the effective action in terms of the
same degrees of freedom in the UV and IR might be in-
appropriate. Nevertheless, we use the same bosonic and
fermionic degrees of freedom on all scales in the present
work, since we specifically want to address the question
whether standard-model IR degrees of freedom can have
an interacting UV completion.
B. Yukawa system
In the present work, we concentrate on a Z2 invariant
Yukawa theory, involving one real scalar field and Nf
Dirac fermions. This model mimics the Higgs sector of
the standard model, in the sense that spontaneous sym-
metry breaking (SSB) in the scalar sector can generate
fermion masses. Also, since the symmetry is discrete, no
Goldstone bosons are generated in the SSB phase.
In the spirit of perturbative power-counting near the
Gaußian fixed point, the microscopic action subject to
perturbative quantization would read
S =
∫
d4x
(
1
2
(∂µφ)
2 +
m¯2
2
φ2 +
λ¯
8
φ4 + ψ¯i/∂ψ + ih¯φψ¯ψ
)
,
(8)
where the bare parameter space would be spanned by the
boson mass m¯, the boson interaction λ¯ and the Yukawa
coupling h¯.
In order to allow for more general actions also near
interacting fixed points, we only impose that the action
be symmetric under the discrete chiral symmetry,
ψ → eipi2 γ5ψ, ψ¯ → eipi2 γ5ψ¯, φ→ −φ. (9)
Furthermore, we restrict the action to bilinears in the
fermions and expand the bosonic part in powers of field
5derivatives. To next-to-leading order, our truncation of
the effective action thus reads
Γk=
∫
d4x
(
Zφ,k
2
(∂µφ)
2 + Uk(ρ) + Zψ,kψ¯i/∂ψ + ih¯kφψ¯ψ
)
,
(10)
where ρ = 12φ
2. We also confine ourselves to a Yukawa
term linear in φ. In many cases, it suffices qualitatively to
expand the effective potential in powers of ρ, see below.
Keeping the wave function renormalizations Zφ,k, Zψ,k
fixed defines the leading-order derivative expansion. At
next-to-leading order, the flows of the wave function
renormalizations are described in terms of anomalous di-
mensions
ηφ = −∂tlnZφ,k, ηψ = −∂tlnZψ,k . (11)
In order to fix the standard RG invariance of field rescal-
ings, we define the renormalized fields as
φ˜ = Z
1/2
φ,kφ, ψ˜ = Z
1/2
ψ,kψ. (12)
We introduce the dimensionless quantity
ρ˜ = Zφ,kk
−2ρ , (13)
as well as the dimensionless renormalized Yukawa cou-
pling and the dimensionless potential,
h2k = Z
−1
φ,kZ
−2
ψ,kh¯
2
k, uk(ρ˜) = k
−4 Uk(ρ)|ρ=k2 ρ˜/Zφ,k . (14)
The full set of flow equations for this Yukawa-like ansatz
and for an arbitrary number of dimensions d has been
derived in [28]. For our purposes, we specialize to d = 4
and use a linear regulator function Rk which is optimized
for the present truncation [29]. The flow of the effective
potential is given by
∂tuk(ρ˜) = −4uk + (2 + ηφ)ρ˜u′k (15)
+
1
16pi2
[
(1 − ηφ6 )
2(1 + u′k + 2ρ˜u
′′
k)
−Nf
2(1− ηψ5 )
1 + 2ρ˜h2k
]
.
For the symmetric phase (SYM), we expand the effective
potential around zero field,
uk =
Np∑
n=1
un,kρ˜
n = m2kρ˜+
λ2,k
2!
ρ˜2 +
λ3,k
3!
ρ˜3 + ....
For the SSB phase, where the minimum of the effective
potential uk acquires a nonzero value κk := ρ˜min > 0,
we use the expansion
uk =
Np∑
n=2
un,k(ρ˜− κk)n (16)
=
λ2,k
2!
(ρ˜− κk)2+ λ3,k
3!
(ρ˜− κk)3 + .... (17)
Given the flow of uk (15), the flows of m
2
k or λn,k in
both phases can be read off from an expansion of the
flow equation and a comparison of coefficients. For the
flow of κk, we use the fact that the first derivative of uk
vanishes at the minimum, u′k(κk) = 0. This implies
0 = ∂tu
′
k(κk) = ∂tu
′
k(ρ˜)|ρ˜=κk + (∂tκk)u′′k(κk)
⇒ ∂tκk = − 1
u′′k(κk)
∂tu
′
k(ρ˜)|ρ˜=κk . (18)
The explicit flow equations for the running parameters
will be given in the following sections for the SYM and
the SSB phase separately. For convenience, we suppress
the index k from now on.
Let us finally discuss several constraints on the cou-
plings as, e.g., dictated by our truncation. As our trun-
cation is based on a derivative expansion, satisfactory
convergence is expected if the higher derivative operators
take little influence on the flow of the leading-order terms.
In the present case, the leading-order effective potential
and Yukawa coupling receive higher-order contributions
only through the anomalous dimensions. Therefore, con-
vergence of the derivative expansion requires
ηψ,φ . O(1). (19)
This condition will serve as an important quality criterion
for our truncation.
The SYM regime is characterized by a minimum of uk
at vanishing field. A simple consequence is that the mass
term needs to be positive. Also, the potential should be
bounded from below, which in the polynomial expansion
translates into a positive highest nonvanishing coefficient,
m2, λnmax > 0. (20)
In the SSB regime, the minimum must be positive, κ > 0,
the potential should be bounded, and in addition the
potential at the minimum must have positive curvature,
κ, λnmax , λ2 > 0. (21)
Finally, Osterwalder-Schrader positivity requires
h2 > 0. (22)
Beyond that, there are no constraints on the size of the
couplings as in perturbation theory.
Let us finally mention that the derivative expansion is
not only technically motivated due to its systematics and
consistency, it has also proved to contain the relevant de-
grees of freedom for a variety of systems, yielding quanti-
tatively satisfactory results. RG flows of Yukawa systems
have, for instance, been successfully studied in QCD [30],
critical phenomena [31], and ultra-cold fermionic atom
gases [32].
III. THE SYMMETRIC REGIME (SYM)
In the following two sections, we carefully analyze the
system in the SYM as well as the SSB regime for Nf = 1.
6We have checked that our findings for the search for non-
Gaußian fixed points extend also to larger natural values
of the flavor number. Fractional flavor numbers will be
discussed separately, below.
In addition to the flow of the effective potential (15),
the flow equations for h2k and the anomalous dimensions
read in the SYM regime [28]:
∂th
2 = (ηφ + 2ηψ)h
2
+
h4
8pi2
(
(1− ηψ5 )
(1 +m2)
+
(1− ηφ6 )
(1 +m2)2
)
, (23)
ηφ =
h2
16pi2
(4− ηψ), (24)
ηψ =
h2
16pi2
(1− ηφ5 )
(1 +m2)2
. (25)
For a different flavor number, the scalar anomalous di-
mension ηφ receives an additional factor of Nf.
A. Fixed-point search to leading order
For a first glance at the system, let us consider the
leading-order derivative expansion where the anomalous
dimensions are set to zero, ηφ, ηψ = 0. For simplicity,
let us furthermore neglect higher-order scalar couplings,
λ≥3 = 0. Then we obtain a set of three coupled flow
equations for m, λ2 and h
2,
∂tm
2 = −2m2 + h
2
4pi2
− 3λ2
32pi2
1
(1 +m2)2
, (26)
∂tλ2 = −h
4
pi2
+
9λ22
16pi2
1
(1 +m2)3
, (27)
∂th
2 =
h4
8pi2
(2 +m2)
(1 +m2)2
. (28)
Setting all flows to zero as required by a fixed point so-
lution, we immediately see from Eq. (28) that the only
Yukawa fixed point is h∗2 = 0. This implies for the φ4
interaction that also λ∗2 = 0 and successivelym
∗ = 0. We
conclude that the only possible fixed point is the Gaus-
sian fixed point. No traces of asymptotic safety can be
found in this case and the system is trivial if we insist on
the limit ΛUV,max →∞.
A similar conclusion also applies to higher orders in the
polynomial expansion of the effective potential. As the
flow equation for h given in Eq. (28) still remains valid,
the Yukawa coupling remains trivial. No asymptotically
safe system with interacting fermions can be constructed
in this leading-order truncation.
B. Fixed-point search at next-to-leading order
At next-to-leading order, the anomalous dimensions
need to be included. The corresponding flow equations
(24) and (25) are purely algebraic and can be solved ex-
plicitly:
ηφ =
5h2 − 320pi2(1 +m2)2
h4 − 1280pi4(1 +m2)2h
2, (29)
ηψ =
4h2 − 80pi2
h4 − 1280pi4(1 +m2)2h
2 . (30)
Plugging these solutions into the flow of the Yukawa
coupling (28), the fixed point equation ∂th
2 = 0 can
be solved algebraically, indeed revealing a possible fixed
point,
h∗2 =
40pi2
11 + 6m2
[
(−65− 124m2 − 59m4) + (1 +m2)
×
√
5545 + 9710m2 + 4729m4 + 288m6
]
, (31)
where we have dropped the solutions with h2 ≤ 0. Of
course, Eq. (31) describes a true fixed point, only if m
also approaches a fixed point. In the following, we will
call these conditional fixed-point solutions pseudo-fixed
points. Next, we analyze the flow equation for the mass
m which is obtained from Eq. (15) without any further
approximation:
∂tm
2 = (−2 + ηφ)m2 + h
2
4pi2
(1− ηψ
5
)− 3λ2
32pi2
1− ηφ6
(1 +m2)2
.
(32)
Solving the fixed-point condition ∂tm
2 = 0 yields a
pseudo-fixed point value as a function of the φ4 inter-
action, m∗2 = m∗2(λ2). This hierarchy of fixed-point
conditions persists to all orders of the expansion of the
effective action: solving the fixed-point condition from
the flow of λ2, ∂tλ2 = 0, yields a pseudo-fixed point
value as a function of the next coupling, λ∗2 = λ
∗
2(λ3),
or more generally, λ∗n = λ
∗
n(λn+1). This seems to suggest
a method to construct a fixed point potential for this
Yukawa system.
However, let us take a closer look at the simplest ap-
proximation where we neglect all higher couplings λ≥3 =
0. In this case, the hierarchy truncates and all fixed-point
conditions can be resolved. A numerical solution of the
resulting fixed-point equations reveals two solutions, true
fixed points which are listed in Tab. I
FP m∗ h∗2 λ∗
2
η∗
ψ
η∗
φ
1 41.86 188906 −8.4111 ∗ 106 4.0216 -25.8847
2 403.84 7.6573 ∗ 106 1.9079 ∗ 1010 4.0013 -62.6194
TABLE I: Fixed-point values for the set of equations for
h2, λ2, fully including the anomalous dimensions. The η
∗
φ,ψ
values are unacceptably large, indicating that these solutions
are outside the validity range of the derivative expansion.
The numerical values for the anomalous dimensions
are clearly outside the validity regime of the derivative
expansion, cf. Eq. (19). Also for the first fixed point, the
resulting effective potential is unstable. We conclude that
7none of the fixed points satisfies our acceptance criteria,
i.e. they are either physically irrelevant or could possibly
be artifacts of the truncation.
In order to explore the effect of including a full effective
potential, we could perform the same analysis for higher
and higher orders in the Taylor expansion of the effective
potential. Here, we propose a simpler method for ana-
lyzing the system: for this, we observe that the above
set of equations is actually exact except for the unknown
coupling λ3 that was set to zero above. Instead of trying
to find an approximate value for λ3, we simply allow for
any value in order to obtain a non-Gaußian fixed point in
the flows of m2, h2, λ2 and in the anomalous dimensions.
Indeed, we numerically find a line of pseudo-fixed points
parameterized by λ3 (if these fixed points were real, the
correct λ3 value would be singled out by its flow equa-
tion). In table II, we give a list of these pseudo-fixed
points for squared mass values between 0 and 100.
The conclusion drawn from this list is similar to the
one above found in the φ4 truncation: the anomalous
dimensions for all fixed points are too large for being ac-
ceptable. For larger mass values, the required λ3 value
even turns negative (even though this could be compen-
sated by higher couplings). We conclude that even if the
true value for λ3 would lie in the required range for a
fixed point, this fixed point is likely to be an artifact of
the truncation.
In summary, we do not find any reliable evidence for a
non-Gaußian fixed point in the SYM regime of this sim-
ple Yukawa system. The Nf = 1 system in the SYM
regime shows no sign of asymptotic safety. We have also
found no indications for asymptotic safely for larger fla-
vor number in the SYM regime.
m∗2 h∗2 λ∗
2
λ3 η
∗
ψ
η∗
φ
0 339 -592 2.3 ∗ 106 -20.7 53.3
0.01 343 -607 2.3 ∗ 106 -21.8 56.0
0.1 378 -747 3.2 ∗ 106 -36.9 98.0
0.5 562 -1663 1.1 ∗ 107 23.2 -68.3
1 854 -3653 3.6 ∗ 107 9.7 -31.0
5 5570 -81688 5.5 ∗ 109 4.5 -18.0
10 16776 -425265 8.0 ∗ 1010 4.2 -18.8
100 807421 +5.7 ∗ 107 −1.5 ∗ 1015 4.0 -35.0
TABLE II: Fixed-point values for the set of equations for
m2, h2, λ2 for a given value of λ3 , fully including the anoma-
lous dimensions. The ηφ,ψ values are again unacceptably
large, indicating that these solutions are outside the validity
range of the derivative expansion.
IV. THE REGIME OF SPONTANEOUS
SYMMETRY BREAKING (SSB)
The fact that no acceptable fixed point was found in
the SYM regime can be traced back to the properties of
the Yukawa coupling flow. At leading-order derivative
expansion, cf. Eq. (28), the Yukawa flow only supports
the Gaußian fixed point, implying a trivial interaction. In
order to circumvent this no-go property, negative terms
have to occur on the right-hand side of this equation.
In the SYM regime, this can only be induced by the
anomalous dimension terms in Eq. (23) which have to
be sizeable and thus unacceptably large.
A new possibility opens up in the SSB regime. Here,
further effective interactions arise owing to possible cou-
plings to the condensate. On the other hand, the flow
in the SSB regime generically has the tendency to in-
duce decoupling of massive modes and thus an unwanted
freeze-out of the flow. This problem is automatically
avoided if the expectation value of the field exhibits a
conformal behavior. Therefore, we analyze the SSB flow
in the following with an emphasis on the running of the
expectation value.
From the effective potential (15), together with
Eq. (18), the flow of the dimensionless expectation value
κ and the scalar couplings occurring in the expansion
(17) can be derived:
∂tκ = −(2 + ηφ)κ− h
2
4pi2
(1− ηψ5 )
λ2(1 + 2h2κ)2
+
(3λ2 + 2κλ3)
32pi2
(1− ηφ6 )
λ2(1 + 2κλ2)2
, (33)
∂tλ2 = λ3∂tκ+ 2ηφλ2 + (2 + ηφ)κλ3 (34)
−h
4
pi2
(1 − ηψ5 )
(1 + 2κh2)3
+
(3λ2 + 2κλ3)
2
16pi2
(1− ηφ6 )
(1 + 2κλ2)3
− 5λ3
32pi2
(1− ηφ6 )
(1 + 2κλ2)2
,
∂tλ3 = (2 + 3ηφ)λ3 − 3(3λ2 + 2κλ3)
3
16pi2
(1− ηφ6 )
(1 + 2κλ2)4
(35)
+
6h6
pi2
(1− ηψ5 )
(1 + 2κh2)4
+
15λ3(3λ2 + 2κλ3)(1 − ηφ6 )
16pi2(1 + 2κλ2)3
.
In the last equation, we have omitted the contributions
from λ4 for simplicity. The flow of the Yukawa coupling
is [28]:
∂th
2 = (ηφ + 2ηψ)h
2
+
h4
8pi2
(
1−
ηψ
5
1+2κh2 +
1−
ηφ
6
1+2κλ2
)
(1 + 2κh2)(1 + 2κλ2)
− h
4(3κλ2 + 2κ
2λ3)
4pi2
(
1−
ηψ
5
1+2κh2 +
2(1−
ηφ
6
)
1+2κλ2
)
(1 + 2κh2)(1 + 2κλ2)2
− h
6κ
2pi2
(
2(1−
ηψ
5
)
1+2κh2 +
1−
ηφ
6
1+2κλ2
)
(1 + 2κh2)2(1 + 2κλ2)
. (36)
In comparison with the SYM regime (23), we observe
a significantly more complex structure here which is in-
duced by the fact that the fluctuations propagate in a
nonvanishing field expectation value. This is also true for
the flow of the wave function renormalizations in terms
8of the anomalous dimensions
ηφ =
h2
8pi2
(1 − ηψ)
(1 + 2κh2)3
− h
2
16pi2
(2 − ηψ)
(1 + 2κh2)2
(37)
+
κ(3λ2 + 2κλ3)
2
16pi2
1
(1 + 2κλ2)4
+
h2
4pi2
(1 − 2κh2)
(1 + 2κh2)4
,
ηψ =
h2
16pi2
(1 − ηφ5 )
(1 + 2κh2)(1 + 2κλ2)2
, (38)
which should be compared to Eqs. (24) and (25) in the
SYM regime. For other flavor numbers, all terms pro-
portional to h2 in the ηφ equation receive an additional
factor of Nf.
A. Fixed-point search to leading order
Let us again start with the leading-order derivative
expansion, ηφ, ηψ = 0, confining ourselves initially to
the φ4 truncation with three parameters κ, h2, λ2 and all
other λ≥3 = 0.
We first consider the two fixed-point equations ∂th
2 =
0 and ∂tλ2 = 0, and let the value for κ be undetermined
for the moment. The resulting equations can be solved
analytically, revealing a set of solutions. Only one of
them fulfills the requirement λ2 > 0 and h
2 > 0. This
solution reads
h∗2 =
0.0616116
κ
, λ∗2 =
0.0880079
κ
. (39)
Plugging these pseudo-fixed-point values into the fixed-
point equation for κ, we find
∂tκ = −2κ− 0.0071873 6= 0 for κ > 0 . (40)
This proves that there is no nontrivial fixed point at
leading-order derivative expansion in the φ4 truncation
for Nf = 1. This conclusion holds also for all higher flavor
numbers.
In order to test the reliability of the φ4 truncation,
we next include the λ3 coupling and its flow equation
(35) still keeping the anomalous dimensions at zero. Un-
fortunately, we have not been able to find an analytical
solution of the resulting fixed point equations. Hence, we
start numerically with the same strategy as given above:
for a given (arbitrary) value of κ, we solve the fixed-point
equations for λ2, λ3 and h
2. For the numerics, we choose
values of κ ranging from 10 down to 0.001.
We find a large number of pseudo-fixed-point solutions{
h∗2, λ∗2, λ
∗
3
}
for this system (∼ 40 depending on the
value of κ), but again only one of these solutions given in
table III fulfills the necessary criteria for the parameters,
cf. Eqs. (19)-(22).
As is visible in table III, the values of the h∗2 and λ∗2
are only slightly changed compared to the φ4 truncation
for κ between 10 and 0.01. We still observe a scaling
h∗2, λ∗2 ∝ 1/κ in this regime, so that the effect of λ3 can
be considered as a small perturbation. The value for λ∗3
κ h∗2 λ∗
2
λ∗
3
∂tκ ∂tκφ4
10 0.00616 0.00880 4.67 ∗ 10−8 -20.0 -20.0
1 0.0615 0.0880 4.67 ∗ 10−5 -2.01 -2.01
0.1 0.609 0.882 4.61 ∗ 10−2 -0.210 -0.207
0.01 5.57 8.96 38.5 -0.026 -0.027
0.001 47.1 91.0 10800 -0.0056 -0.0092
0.0001 451 912 1.26 ∗ 106 -0.0033 -0.0074
0.00001 4490 9120 1.29 ∗ 108 -0.0031 -0.0072
TABLE III: Pseudo-fixed-point values for the fixed-point
equations for h2, λ2 and λ3. These values would correspond
to a true non-Gaußian fixed point, if ∂tκ eventually went to
zero, which is not the case here. The index φ4 in the last row
denotes the values obtained in a pure φ4 truncation.
approximately scales as 1/κ3. For even smaller values of
κ (κ < 0.01), λ∗3 grows large and exerts a quantitative
influence on the flow. Nevertheless, we still find no indi-
cations for a non-Gaußian fixed point in the κ flow. Even
for the smallest κ values which are accessible by our nu-
merics, κ ∼ 0.00001, we observe a monotonous increase
of ∂tκ/κ, whereas an approach to a fixed point would
require a decrease of this combination towards zero.
We conclude that we find no evidence for asymptotic
safety of our Yukawa model at leading order in the deriva-
tive expansion in the SSB regime for Nf = 1. This con-
clusion extends also to larger values of Nf.
B. Fixed-point search including anomalous
dimensions
The inclusion of the anomalous dimensions is, in prin-
ciple, straightforward. The corresponding equations for
ηψ and ηφ (37) and (38) can be solved analytically; their
solution can then be plugged into the flows of κ, h2, λ2,
. . . which can be treated as before.
In practice, the inclusion of the anomalous dimensions
increases the nonlinearities of the flow equations substan-
tially. This holds already for the φ4 truncation. For
our simplified strategy of first fixing a value of κ and
then solving for possible pseudo-fixed point values of h2
and λ2, an exhaustive search of all possible pseudo-fixed
point values appears numerically not feasible. Hence, we
have used an algorithm that searches for one pseudo-fixed
point of h2 and λ2 for a given value of κ and given seed
values h2seed and λ2,seed. We have chosen the seed val-
ues on a grid of reasonable values compatible with the
constraints (20)-(22). This procedure leads to the results
shown in table IV.
In the regime of small anomalous dimensions (ηφ,ψ <
1), we again observe a 1/κ-behavior for the pseudo-fixed-
point values of λ and h2,
h∗2 =
0.185059
κ
(41)
λ∗ =
0.21018
κ
. (42)
An inclusion of the anomalous dimensions does not lead
to a vanishing of ∂tκ within the range of κ values studied
9κ h∗2 λ∗
2
η∗
φ
η∗
ψ
∂tκt
100 0.00185 0.00210 1.11 ∗ 10−5 4.24 ∗ 10−6 -200.008
10 0.0185 0.0210 1.11 ∗ 10−4 4.24 ∗ 10−5 -20.008
1 0.185 0.210 1.11 ∗ 10−3 4.24 ∗ 10−4 -2.008
0.1 1.85 2.10 0.0111 4.23 ∗ 10−3 -0.2083
0.01 18.5 21.1 0.111 0.0413 -0.0282
0.001 181.7 221.0 1.07 0.32 -0.0098
0.0001 1516 1602 1.73 2.98 -0.0027
0.00001 12030 9778 4.42 3.90 -0.0016
0.000001 68411 93113 4.92 4.16 -0.0012
TABLE IV: Pseudo-fixed-point values for the fixed-point
equations for h2, λ2 including anomalous dimensions. As
in table III, these values would correspond to a true non-
Gaußian fixed point, if ∂tκ eventually went to zero, which is
not the case here.
here. Also, the ratio ∂tκ/κ does not exhibit a tendency
towards zero as it should if a fixed point existed in the
vicinity of the present parameter range.
In contrast to the numerical procedures used above,
the algorithm used for the study in this section does not
exhaust all possible pseudo-fixed-point values. Hence, it
is conceivable that a fixed point with suitable properties
still exists but has evaded detection due to numerical
reasons. Our studies, however, do not give any indication
for such a scenario.
V. FLOW EQUATION FOR HALPERN-HUANG
POTENTIALS
A special case of the asymptotic-safety scenario is given
by an asymptotically free theory where the Gaußian fixed
point has at least one relevant (or marginally relevant)
direction inducing an interacting theory. In the case
of a pure scalar system, this would correspond to an
asymptotically free analogue of φ4 theory. In a local-
potential approximation (leading-order derivative expan-
sion), a linearized analysis in the Gaußian fixed-point
regime reveals that relevant directions exist in the form of
nonpolynomial potentials [33]. For these Halpern-Huang
potentials, the Gaußian fixed point is asymptotically free,
hence these potentials have been proposed as a candidate
for a nontrivial Higgs sector [33]. A large-N solution
of the flow towards the strongly interacting low-energy
sector of these theories revealed that also the hierarchy
problem can be softened considerably [34].1
Here, we want to study whether the Halpern-Huang di-
rections can be used as an ingredient of an asymptotically
safe Yukawa system in combination with a fermionic sec-
tor. For this, the Halpern-Huang solutions need to persist
1 A drawback of these relevant directions is that there exist in-
finitely many, implying an infinity of physical parameters [35].
Nevertheless, the theory can be predictive in the sense that the
initial conditions are not given by finitely many parameters but
by a full function.
also for finite Yukawa coupling and should go along with
a non-Gaußian fixed point of the Yukawa coupling.
The linearized flow equation for the effective potential
in the vicinity of the Gaußian fixed point (Eq. (15)) reads
in d = 4 and for Nf = 1:
∂tuk = −4uk + (2 + ηφ)ρ˜u′k −
(1− ηφ6 )
32pi2
(u′k + 2ρ˜u
′′
k)
+
(1− ηψ5 )
4pi2
ρ˜h2
1 + 2ρ˜h2
. (43)
Here, we have shifted the irrelevant field-independent
part of the potential by a constant in order to remove
the constant contributions in the fermionic term. For
h2 = 0, we rediscover the Halpern-Huang equation. Now,
assuming that h2 approaches a non-Gaußian fixed point
h∗2 in the UV, we observe that the Gaußian fixed point
for the potential uk = 0 is no longer a solution due to
the presence of the fermionic contribution. Therefore,
the fermionic inhomogeneity implies that the effective
potential uk can no longer be asymptotically free. If on
the other hand h2 = 0 in the UV, the Yukawa coupling
stays zero during the flow, as is visible from Eq. (36).
We conclude that there is no nontrivial generalization
of the Halpern-Huang idea to the Yukawa system in the
truncation considered here.
VI. YUKAWA SYSTEMS AT SMALL Nf
Since no acceptable asymptotically safe Yukawa sys-
tem has been found in the studies above, the question
arises as to whether there is a fundamental obstacle
against a conformal behavior of the Higgs vacuum expec-
tation value, or whether the class of simple systems has
been too restrictive so far. In the following, we demon-
strate that the latter is the case by explicitly demon-
strating the existence of an asymptotically safe Yukawa
system at small Nf.
A small-Nf study can be motivated from the fact that
the conformal behavior of the scalar expectation value is
inhibited by the dominance of the fermionic fluctuations
in the κ flow, as is visible, e.g., in Eqs. (33) and (40).
This fermionic dominance is the origin of the negative
sign in front of the constant term in Eq. (40) which shifts
a possible fixed-point value to physically unacceptable
negative values of κ. Since fermionic loops are propor-
tional to the number of flavors, this fermionic dominance
can be expected to vanish for small Nf.
At arbitrary flavor number, the relevant flow equations
in the simple φ4 truncation in the SSB regime read to
leading-order in the derivative expansion
∂tκ = −2κ− Nfh
2
4pi2
1
λ2(1 + 2κh2)2
(44)
+
3
32pi2
1
(1 + 2κλ2)2
,
∂tλ2 = −Nfh
4
pi2
1
(1 + 2κh2)3
+
9λ22
16pi2
1
(1 + 2κλ2)3
.(45)
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The flow of h2 remains unchanged as no closed fermion
loop contributes to it. Following our strategy introduced
above, we first pick a value for κ and then solve the fixed-
point equations of h2 and λ2, yielding pseudo-fixed-point
values h∗2 and λ∗2. Plugging these values into the κ flow,
results in
∂tκ = −2κ+ c(Nf) , (46)
where c(Nf) denotes an Nf-dependent constant. As ob-
served above, c(Nf) is negative for Nf = 1 or larger, cf.
Eq. (40), which corresponds to the observed absence of
an acceptable fixed point. Decreasing Nf, c(Nf) becomes
positive for Nf . 0.25 and so gives rise to a true non-
Gaußian fixed point κ∗ = c(Nf)/2 within this φ
4 trun-
cation. This demonstrates by way of example that a
conformal behavior of the Higgs expectation value is in-
deed possible as a matter of principle and can support
asymptotic safety of Yukawa systems. In the following,
we study the properties and consequences of this non-
Gaußian fixed point.
A. Fixed-point analysis at leading order
In order to illustrate the fixed-point properties, we
choose Nf = 1/10 for the sake of definiteness. The non-
universal fixed-point values read
κ∗ = 0.00165, λ∗2 = 27.26, h
∗2 = 81.13. (47)
The universal critical exponents can be deduced from the
linearized flow around this fixed point,
∂tκ = Bκ
κ(κ− κ∗) + Bκλ(λ2 − λ∗2) + Bκh(h2 − h∗2)
∂tλ2 = Bλ
κ(κ− κ∗) + Bλλ(λ2 − λ∗2) + Bλh(h2 − h∗2)
∂th
2 = Bh
κ(κ− κ∗) + Bhλ(λ2 − λ∗2) + Bhh(h2 − h∗2) ,
where we have dropped terms of higher order in the fixed-
point distance. The expansion coefficients Bi
j form the
stability matrix B, the negative eigenvalues−Θi of which
correspond to the critical exponents. For Nf = 1/10, we
find
Θ1 = 2.372, Θ2 = 0.592, Θ3 = −2.859. (48)
We observe two relevant directions, corresponding to
Θ1,2 > 0, i.e., the universality class of the theory defined
by this fixed point has two physical parameters.
As a first check of this simple approximation, we deter-
mine the size of the anomalous dimensions by inserting
the fixed-point values into the Nf-generalized equations
for ηψ and ηφ. Neglecting the back-reaction onto the
flow of the couplings due to RG improvement, we indeed
obtain satisfactorily small values
ηφ = 0.09, ηψ = 0.03, (49)
which can be taken as an indication for the self-
consistency of the derivative expansion.
B. Fixed-point analysis at next-to-leading order
A full treatment of the anomalous dimensions indeed
leads to the same qualitative behavior. The critical
fermion number slightly increases: below Nf . 0.33, a
non-Gaußian fixed point exists, the coupling values of
which are shifted as compared to the leading-order ap-
proximation. For Nf = 1/10, we find
κ∗ = 0.00163, λ∗2 = 42.77, h
∗2 = 191.22 ,
η∗φ = 0.086, η
∗
ψ = 0.565. (50)
The coupling fixed points λ∗2 and h
∗2 as well as the
fermion anomalous dimension exhibit larger variations.
Reliable quantitative predictions hence may require the
inclusion of further boson-fermion interaction terms in
the truncation. By contrast, the predictions for the κ
fixed point and the scalar anomalous dimension are lit-
tle affected. We conclude that our result of a conformal
behavior of the Higgs expectation value is robust in the
derivative expansion.
The number of relevant directions at the fixed point is
also robust: two critical exponents have a positive real
part. In comparison with the leading-order result, the Θi
values not only vary quantitatively, but also the relevant
directions are now described by a pair of complex Θi,
Θ1,2 = 1.619∓ 0.280i, Θ3 = −3.680, (51)
implying that the UV flow spirals out of the fixed-point
region towards the IR.
VII. PREDICTIVE POWER OF
ASYMPTOTICALLY-SAFE YUKAWA SYSTEMS
A. UV fixed-point regime and mass hierarchy
The present simple Yukawa system for a small number
of fermion flavors Nf . 0.3 supports a non-Gaußian fixed
point, rendering the system asymptotically safe. The pre-
dictive power of these systems can be read off from the
critical exponents Θi, as computed above for the special
case of Nf = 1/10. The number of positive Θi corre-
sponds to the number of physical parameters. The value
of the real part of the largest Θi is a measure for the
severeness of the hierarchy problem; e.g. Θmax = 2 in
the standard model at the Gaußian fixed point.
Repeating the above analysis of the eigenvalues of the
stability matrix B for various values of Nf yields the val-
ues of Θmax as displayed in Fig. 2. In the limit Nf → 0,
the standard-model value Θmax = 2 is approached (even
though the system is not in the standard-model univer-
sality class, but at the non-Gaußian fixed point). For
increasing Nf, Θmax decreases and approaches a mini-
mum. At next-to-leading order, the minimum is indeed
close to Nf = 1/10 where Θmax ≃ 1.6. Here, the hierar-
chy problem is not really overcome but at least somewhat
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reduced compared to the standard model. Beyond this
minimum, Θmax increases again and eventually diverges
at the critical flavor number.
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FIG. 2: Θmax vs. Nf as a measure for the hierarchy problem.
For Nf → 0, the critical exponent approaches the standard-
model value Θmax = 2. The upper/lower curve corresponds
to leading-order/next-to-leading-order derivative expansion.
B. Higgs mass from asymptotic safety
For all values of Nf below the critical value, we find
that two of the critical exponents are positive (relevant
eigendirection), implying that the number of physical pa-
rameters of these systems is 2. As the SSB phase is
characterized by 3 standard-model parameters, top mass
mtop, Higgs mass mHiggs and vacuum expectation value
v, only two of them are needed to fix the Yukawa system
at the non-Gaußian fixed point. The third parameter, say
the Higgs mass, is a true prediction of the asymptotically
safe model.
The physical parameters are related to the renormal-
ized couplings κ, h2, λ2 by
v = lim
k→0
√
2κk, mtop =
√
h2v, mHiggs =
√
λ2v.
(52)
An asymptotically safe RG trajectory has to emanate
from the non-Gaußian fixed point in the deep UV. The
possible trajectories are further constrained by the neces-
sity that the system ends up in the SSB phase in order to
describe chiral-symmetry breaking and mass generation.
In practice, we start the flow at a UV scale Λ
UV
in the vicinity of the non-Gaußian fixed point, say at
(κ∗+δκ, λ∗2, h
2∗+δh2).2 Then, the perturbations δκ and
δh2 are tuned such that the top mass and the vacuum
2 For generic perturbations δκ and δh2, this starting point is not in
the critical surface spanned by the relevant directions. However,
as the irrelevant perturbations around the fixed point die out
rapidly towards the IR, the IR physics is purely determined by
the projection of these perturbations onto the critical surface.
expectation value match their desired physical IR val-
ues. The resulting Higgs mass then is a parameter-free
prediction of the system.
This can be explicitly checked by varying the starting
point, i.e., adding irrelevant directions, under the con-
straint of keeping v and mtop fixed. As another check
of asymptotic safety, the UV scale Λ
UV
can be changed.
The constraint of keeping v and mtop fixed corresponds
to staying on the line of constant physics. Asymptotic
safety then guarantees that the Higgs mass remains the
same and that the starting point approaches the non-
Gaußian fixed point for increasing ΛUV.
Of course, the present theory with a small number
of fermion flavors cannot be expected to resemble the
standard model also quantitatively. For instance, for
the Nf =
1
10 model in the leading-order truncation, we
have not found an RG trajectory connecting the non-
Gaußian fixed point with an IR limit where the Yukawa
coupling approaches its standard-model value hk→0 =
mtop/v ≃ 0.711. As a simple example, we have studied
a universe with a top mass given by mtop = hv|k→0 with
hk→0 = 20.0. Our prediction for the Higgs mass then
is mHiggs =
√
6.845v. We have explicitly checked that
mHiggs indeed does not depend on the starting point in
the fixed-point regime nor on the UV cutoff scale ΛUV.
In Fig. 3, a generic flow of the three running couplings
of the φ4 truncation is depicted. We have also tested the
system for Nf = 1/15 and with a top mass corresponding
to hk→0 = 7.0 which gives mHiggs =
√
2.9v.
The observations made here in the leading-order trun-
cation also hold at next-to-leading order. An interesting
property of the asymptotically safe system is that the
set of possible IR values for the renormalized couplings
is generically bounded, i.e., not all conceivable values of
the physical parameters lie on RG trajectories that em-
anate from the non-Gaußian fixed point. In the present
case, we observe that it is not possible to tune the flow for
hk→0 below a certain value hmin, implying that a lower
bound on mtop/v exists.
The mechanism behind this property can easily be un-
derstood. The RG flow passes essentially through three
regimes: the fixed-point regime in the UV, the decoupling
regime in the IR, and a crossover regime in-between. In
the UV fixed-point regime, the system behaves confor-
mally and all couplings stay close to their fixed point
values. The decoupling regime in the IR is characterized
by the freeze-out of the dimensionful Higgs vacuum ex-
pectation value v. This generates Higgs and top masses
which decouple from the flow at scales k ≪ v. No mass-
less modes remain and all running couplings freeze out
and approach their IR values. The crossover regime in-
between connects the UV fixed-point with the IR decou-
pling regime. Here, all couplings run fast and the full
nonperturbative dynamics becomes important. Generi-
cally all β functions are sizeable here, so that the system
spends little “RG time” in the crossover regime. This
implies that the Yukawa coupling has little RG time to
run from its large UV fixed-point value to its physical IR
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FIG. 3: Typical flows from the non-Gaußian UV fixed point
to the IR. The upper plot displays the running of 2κk2 =
v2. It runs to a constant value in the IR, corresponding to
the properties of the SSB phase. The middle and the lower
plot show the running of h2 and λ2 from the UV fixed point
regime via the crossover regime to the IR decoupling regime
as described in the text.
value, before it freezes out due to decoupling.
Technically, we observe that there is a very robust IR
fixed point in the SSB flow equations that attracts the
flow towards the IR in the crossover regime. In the simple
φ4 truncation, it is characterized by fixed-point values
κ∗IR, h
∗2
IR, λ
∗
2,IR. This fixed point is not directly physically
relevant as κ∗IR < 0. The SSB constraint κ > 0 however
implies that the physical Yukawa coupling is bounded by
this IR fixed-point value, hk→0 > h
∗
IR. We conclude that
an asymptotically safe Yukawa system offers a natural
explanation for a large top mass.
VIII. CONCLUSIONS
We have used a simple Z2-invariant Yukawa system
with massless fermions and a real scalar field in order
to explore the possibility of asymptotically safe Yukawa
systems for a solution of the triviality and hierarchy prob-
lem in the standard model. Employing the functional RG
within a systematic and consistent derivative expansion
of the effective action, we have identified a new mech-
anism based on a conformal Higgs vacuum expectation
value that can give rise to a non-Gaußian interacting sta-
ble UV fixed point. By contrast, our study of the sym-
metric regime at vanishing expectation value confirms
the triviality of the Higgs sector nonperturbatively, as
both essential couplings, the Yukawa coupling and the
φ4 interaction, are marginally irrelevant.
Whether or not asymptotic safety based on a confor-
mal Higgs expectation value is realized, depends on the
algebraic structure of the theory, in particular on the
relative strength between bosonic and fermionic fluctua-
tions. Our results show that this Yukawa model is not
asymptotically safe for Nf = 1 or larger, since fermionic
fluctuations dominate the running of the expectation
value, rapidly driving the system to decoupling of massive
modes. Allowing for arbitrary positive real values of Nf,
we discover Yukawa systems at Nf . 0.3 where a confor-
mal expectation value induces the desired non-Gaußian
fixed point and renders the models asymptotically safe.
These models do not have a triviality problem but can
be extended to arbitrarily large momentum scales and are
thus candidates for a fundamental quantum field theory.
Within the derivative expansion, we find evidence that
the hierarchy problem can be less severe in these systems
in the sense that the largest relevant coupling renormal-
izes softer than quadratically.
There are two most attractive features of such asymp-
totically safe Yukawa systems. First, the UV fixed point
exhibits only two RG relevant directions, implying that
the IR physics of the system is fully determined by fixing
two physical parameters. For instance, once the top mass
and the Higgs vacuum expectation value are fixed, the
Higgs mass is a true and parameter-free prediction of the
model. This clearly distinguishes our scenario from many
other suggestions of physics beyond the standard model
where the hierarchy and triviality problem are solved or
reparameterized at the expense of an increasing number
of parameters. Second, the range of possible physical IR
parameters is generically bounded, since the set of pos-
sible RG trajectories emanating from the UV fixed-point
map out a bounded IR parameter region. In the present
example, the top mass is bounded from below for models
in the Higgs phase of spontaneous symmetry breaking.
Therefore, our scenario offers a natural explanation for
large values of the top mass.
Even though our basic concept does deliberately not
invoke supersymmetric structures, there are certain sim-
ilarities to properties of supersymmetric theories. In the
latter, supersymmetric partners to standard-model par-
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ticles are introduced in order to enhance the symmetry
of the theory. This enhanced symmetry guarantees sub-
stantial cancellations between bosonic and fermionic fluc-
tuations, such that crucial parameters such as the Higgs
mass remain protected against strong renormalization.
In our case, there is no enhanced symmetry, but the dy-
namical properties of the theory itself make it possible
that fermionic and bosonic fluctuation contributions to
the vacuum expectation value v balance each other and
induce a conformal threshold behavior over many orders
of magnitude.
From a technical perspective, asymptotically safe sce-
narios are difficult to establish due to the inherent non-
perturbative and hence less controllable nature. This
is particularly true if a possible non-Gaußian UV fixed
point is a pure strong-coupling phenomenon. In the
present case, asymptotic safety does not predominantly
rely on strong coupling but is induced by the conformal
threshold behavior of the Higgs expectation value. Even
though threshold physics is also inherently nonpertur-
bative, it does not require particularly strong coupling.
Our findings indicate, that the derivative expansion of
the effective action is not only systematic and consistent,
but also well suited to reliably explore this asymptotic-
safety scenario: the anomalous dimensions, serving as ef-
fective expansion parameters, remain small, and all quali-
tative features are robust when going from leading-order
to next-to-leading order. On the other hand, reliable
quantitative results for physical quantities such as the
UV critical exponents or the IR Higgs mass prediction
certainly require a larger truncation particularly in the
boson-fermion coupling sector.
In the light of our results, a search for asymptotically
safe Yukawa systems also by other methods would be
highly welcome. For the present simple system, small-
Nf expansion techniques appear to be most promising.
These indeed exist within the worldline approach to
quantum field theory, where subclasses of infinitely many
Feynman diagrams can be resummed into closed world-
line expressions order by order in a small-Nf expansion.
These methods have been shown to work in pure scalar
models so far [36] and need to be generalized to fermions.
Of course, also many non-perturbative lattice studies of
Yukawa systems exist, see [37] for reviews, recently also
employing chirally-invariant lattice fermions [38]. The
fact that no non-Gaußian fixed points have been found in
standard settings so far (for alternative higher-derivative
models, see [39]) is well in accord with our findings. Since
lattice realizations often have a large fermion number, the
resulting fermion dominance generically inhibits a confor-
mal threshold behavior required for our scenario. More-
over, since our non-Gaußian fixed point has two relevant
directions, a tuning of two bare parameters is required
in order to take the corresponding continuum limit on a
line of constant physics. Even though this is certainly
possible on the lattice, this point can easily be missed
during a general lattice study.
Whereas Yukawa systems with Nf . 0.3 are unlikely
to be relevant for the true Higgs sector of the standard
model, our results clearly indicate that an asymptotic
safety scenario based on a conformal threshold behav-
ior requires a balancing between bosons and fermions.
Hence, we expect that a variety of realistic models exists
where the fermion contributions are balanced by a suffi-
ciently large bosonic sector. Work in this direction also
involving chiral structures is in progress.
Acknowledgments
The authors are grateful to S. Flo¨rchinger, C. Gneiting,
R. Percacci and C. Wetterich for interesting discussions
and helpful comments. This work was supported by the
DFG under contract No. Gi 328/1-4 (Emmy-Noether
program), Gi 328/5-1 (Heisenberg program) and FOR
723.
[1] K. G. Wilson and J. B. Kogut, Phys. Rept. 12, 75 (1974).
[2] M. Luscher and P. Weisz, Nucl. Phys. B 295, 65 (1988);
Nucl. Phys. B 318, 705 (1989).
[3] A. Hasenfratz, K. Jansen, C. B. Lang, T. Neuhaus and
H. Yoneyama, Phys. Lett. B 199, 531 (1987).
[4] U. M. Heller, H. Neuberger and P. M. Vranas, Nucl. Phys.
B 399, 271 (1993) [arXiv:hep-lat/9207024].
[5] D. J. E. Callaway, Phys. Rept. 167, 241 (1988).
[6] O. J. Rosten, arXiv:0808.0082 [hep-th].
[7] L.D. Landau, in Niels Bohr and the Development of
Physics, ed. W. Pauli, Pergamon Press, London, (1955).
[8] M. Gell-Mann and F. E. Low, Phys. Rev. 95, 1300 (1954).
[9] M. Goeckeler, R. Horsley, V. Linke, P. Rakow, G. Schier-
holz and H. Stuben, Phys. Rev. Lett. 80, 4119 (1998);
Nucl. Phys. Proc. Suppl. 63 (1998) 694.
[10] H. Gies and J. Jaeckel, Phys. Rev. Lett. 93, 110405
(2004) [arXiv:hep-ph/0405183].
[11] N. Cabibbo, L. Maiani, G. Parisi and R. Petronzio,
Nucl. Phys. B 158, 295 (1979); L. Maiani, G. Parisi and
R. Petronzio, Nucl. Phys. B 136, 115 (1978).
[12] J. Kuti, L. Lin and Y. Shen, Phys. Rev. Lett. 61, 678
(1988).
[13] T. Hambye and K. Riesselmann, Phys. Rev. D 55, 7255
(1997) [arXiv:hep-ph/9610272].
[14] Z. Fodor, K. Holland, J. Kuti, D. Nogradi
and C. Schroeder, PoS LAT2007, 056 (2007)
[arXiv:0710.3151 [hep-lat]].
[15] P. Gerhold, K. Jansen and J. Kallarackal,
arXiv:0810.4447 [hep-lat].
[16] F. J. Yndurain, In *Ann Arbor 1991, Proceedings, Gauge
theories - past and future* 337-353.
[17] S. Weinberg, in C76-07-23.1 HUTP-76/160, Erice Sub-
nucl. Phys., 1, (1976).
[18] R. Percacci, arXiv:0709.3851 [hep-th].
14
[19] B. Rosenstein, B. J. Warr and S. H. Park, Phys. Rev.
Lett. 62, 1433 (1989); K. Gawedzki and A. Kupiainen,
Phys. Rev. Lett. 55, 363 (1985); C. de Calan, P. A. Faria
da Veiga, J. Magnen and R. Seneor, Phys. Rev. Lett. 66,
3233 (1991).
[20] A. Codello and R. Percacci, arXiv:0810.0715 [hep-th].
[21] M. Reuter, Phys. Rev. D 57, 971 (1998)
[arXiv:hep-th/9605030]; O. Lauscher and
M. Reuter, Phys. Rev. D 65, 025013 (2002)
[arXiv:hep-th/0108040]; Class. Quant. Grav. 19,
483 (2002) [arXiv:hep-th/0110021]; W. Souma, Prog.
Theor. Phys. 102, 181 (1999) [arXiv:hep-th/9907027];
P. Forgacs and M. Niedermaier, arXiv:hep-th/0207028;
R. Percacci and D. Perini, Phys. Rev. D 67, 081503
(2003) [arXiv:hep-th/0207033]; A. Codello, R. Percacci
and C. Rahmede, Int. J. Mod. Phys. A 23, 143 (2008)
[arXiv:0705.1769 [hep-th]].
[22] R. Percacci and D. Perini, Phys. Rev. D 68, 044018
(2003) [arXiv:hep-th/0304222].
[23] H. Gies, Phys. Rev. D 68, 085015 (2003)
[arXiv:hep-th/0305208].
[24] H. Gies, J. Jaeckel and C. Wetterich, Phys. Rev. D 69,
105008 (2004) [arXiv:hep-ph/0312034].
[25] J. M. Schwindt and C. Wetterich, arXiv:0812.4223 [hep-
th].
[26] C. Wetterich, Phys. Lett. B 301, 90 (1993).
[27] K. Aoki, Int. J. Mod. Phys. B 14, 1249 (2000); J. Berges,
N. Tetradis and C. Wetterich, Phys. Rept. 363, 223
(2002); D. F. Litim and J. M. Pawlowski, in The Ex-
act Renormalization Group, Eds. Krasnitz et al, World
Sci 168 (1999); J. Polonyi, Central Eur. J. Phys. 1, 1
(2004); J. M. Pawlowski, Annals Phys. 322, 2831 (2007)
[arXiv:hep-th/0512261]; H. Gies, arXiv:hep-ph/0611146;
B. Delamotte, arXiv:cond-mat/0702365.
[28] H. Gies and C. Gneiting, in preparation; C. Gneiting,
diploma thesis, Heidelberg (2005).
[29] D. F. Litim, Phys. Lett. B 486, 92 (2000)
[hep-th/0005245]; Phys. Rev. D 64, 105007 (2001)
[hep-th/0103195].
[30] D. U. Jungnickel and C. Wetterich, Phys. Rev. D
53, 5142 (1996) [arXiv:hep-ph/9505267]; B. J. Schae-
fer and H. J. Pirner, Nucl. Phys. A 660, 439 (1999)
[arXiv:nucl-th/9903003]; H. Gies and C. Wetterich,
Phys. Rev. D 65, 065001 (2002) [arXiv:hep-th/0107221];
Phys. Rev. D 69, 025001 (2004) [arXiv:hep-th/0209183];
J. Braun, arXiv:0810.1727 [hep-ph].
[31] L. Rosa, P. Vitale and C. Wetterich, Phys. Rev. Lett. 86,
958 (2001) [arXiv:hep-th/0007093]; F. Hofling, C. Nowak
and C. Wetterich, Phys. Rev. B 66, 205111 (2002)
[arXiv:cond-mat/0203588].
[32] M. C. Birse, B. Krippa, J. A. McGovern and
N. R. Walet, Phys. Lett. B 605, 287 (2005)
[arXiv:hep-ph/0406249]; S. Diehl, H. Gies,
J. M. Pawlowski and C. Wetterich, Phys. Rev.
A 76, 053627 (2007) [arXiv:cond-mat/0703366];
Phys. Rev. A 76 , 21602(Rap. Comm.) (2007)
[arXiv:cond-mat/0701198]; S. Floerchinger, M. Scherer,
S. Diehl and C. Wetterich, arXiv:0808.0150 [cond-
mat.supr-con].
[33] K. Halpern and K. Huang, Phys. Rev. D 53, 3252 (1996)
[arXiv:hep-th/9510240]; Phys. Rev. Lett. 74, 3526 (1995)
[arXiv:hep-th/9406199].
[34] H. Gies, Phys. Rev. D 63, 065011 (2001)
[arXiv:hep-th/0009041].
[35] T. R. Morris, Nucl. Phys. B 458, 477 (1996)
[arXiv:hep-th/9508017].
[36] H. Gies, J. Sanchez-Guillen and R. A. Vazquez, JHEP
0508, 067 (2005) [arXiv:hep-th/0505275].
[37] J. Smit, Nucl. Phys. Proc. Suppl. 17, 3 (1990);
J. Shigemitsu, Nucl. Phys. Proc. Suppl. 20, 515
(1991); K. Jansen, Phys. Rept. 273, 1 (1996)
[arXiv:hep-lat/9410018].
[38] P. Gerhold and K. Jansen, JHEP 0710, 001 (2007)
[arXiv:0707.3849 [hep-lat]]; JHEP 0709, 041 (2007)
[arXiv:0705.2539 [hep-lat]].
[39] K. Jansen, J. Kuti and C. Liu, Phys. Lett. B 309, 119
(1993) [arXiv:hep-lat/9305003]; Phys. Lett. B 309, 127
(1993) [arXiv:hep-lat/9305004].
